In this paper, we consider, discuss, improve and generalize recent xed point results for mappings in b-metric space. These results are generalizations of the analogous ones recently proved by Khojasteh et al. [12] and Demma et al. [8] .
Introduction and preliminaries
Banach's contraction principle [1] is a fundamental result in the xed point theory, which has been used and extended in many di erent directions. These generalizations are made either by using contractive conditions or by imposing some additional conditions on the ambient spaces. Also, there are several generalizations of usual metric spaces. One of them is b-metric space [2, 7] . The notion of b-metric space, in the framework of completes and discussion on the topological structure of it appeared in several papers, such as L.M. Blumenthal [3] , S. Czerwik [7] , N. Bourbaki [4] and Heinonen [9] . For some results of xed and common xed point in the setting of b-metric spaces see [5, 6, 10, 11] .
We recall some well known notions and de nition of the b-metric spaces.
De nition 1.1. [2, 7] Let X be a (nonempty) set and s ≥ be a given real number.
is a b-metric on X if for all x, y, z ∈ X, the following conditions hold:
The aim of this paper is to present, in the framework of b-metric spaces, some remarks on xed point results and Picard sequence for the single-valued mappings. Our results extend and complement some theorems given in the recent literature, see e.g. [12] and [8] .
Main results
Let N be the set of positive integers, R the set of real numbers and R+ the set of nonnegative real numbers. Let (X, d, s) be a b-metric space, x ∈ X and f : X → X be a given mapping. The sequence {xn} with xn = f n x = fx n− for all n ∈ N is called a Picard sequence of initial point x . In this section we consider a class of Picard sequences which are Cauchy. 
where m, n ∈ R + such that n < m. Then {xn} is a Cauchy sequence.
Proof. Let x ∈ X be an arbitrary point, and let {xn} be a Picard sequence of initial point x . If xn = x n − for some n ∈ N, then xn is a xed point of f and so {xn} is a Cauchy sequence. Assume that (2.1) holds for the sequence {xn}. If xn ≠ x n− for all n ∈ N, from (2.1), we deduce that the sequence {d(x n− , xn)} is decreasing. Thus there exists a non negative real number r such that d(x n− , xn) → r. Then we claim that r = . If r > , on taking limit as n → +∞ on both side of (2.1), we obtain r ≤ r + r + r + r + n s r + r + r + r + m r < r which is a contradiction. It follows that r = . Now, we prove that {xn} is a Cauchy sequence. Let λ ∈ [ , s − ). Since r = , then there exists
This implies that
and by Lemma 1.2 we deduce again that {xn} is a Cauchy sequence. The proof that {xn} is a Cauchy sequence if (2.1) holds is the same.
As a consequence of the previous result, we establish the following result of existence of xed points.
Theorem 2.2. Let (X, d, s) be a b-metric space and f
for all x, y ∈ X, where m, n ∈ R + such that n < m. Then Proof. Let x ∈ X be an arbitrary point and let {xn} be a Picard sequence of initial point x . If xn = x n− for some n ∈ N, then xn is a xed point of f . If xn ≠ x n− for all n ∈ N, using the contractive condition (2.2) with x = x n− and y = xn, we get
that is, condition (2.1) holds for the sequence {xn}. Then, by Proposition 2.1, {xn} is a Cauchy sequence. Since X is a complete b-metric space, the sequence {xn} converges to some z ∈ X. Now, we prove that z is a xed point of f . Using (2.2) with x = xn and y = z, we obtain
as n → +∞, we deduce that
d(z, fz) ≤ lim inf s d(xn , fz) ≤ lim sup s d(xn , fz) ≤ s d(z, fz). (2.4)
On taking lim inf, as n → +∞, on both sides of (2.3), by (2.4) we get
This implies that d(z, fz) = , that is, z = fz and hence z is a xed point of f . Thus (i) and (ii) hold. If w ∈ X, with z ≠ w, is another xed point of f , then using (2.2) with x = z and y = w, we get
and hence d(z, w) ≥ ms−n , that is, (iii) holds.
In the following result we consider a weak contractive condition.
Theorem 2.3. Let (X, d, s) be a b-metric space and f : X −→ X be a given sd(fx, fy)
for all x, y ∈ X, where m, n, L ∈ R + such that n < m. Then Proof. Let x ∈ X be an arbitrary point and let {xn} be a Picard sequence of initial point x . If xn = x n− for some n ∈ N, then xn is a xed point of f . If xn ≠ x n− for all n ∈ N, using the contractive condition (2.5) with x = x n− and y = xn, we get
that is, condition (2.1) holds for the sequence {xn}. Then, by Proposition 2.1, {xn} is a Cauchy sequence. Since X is a complete b-metric space, the sequence {xn} converges to some z ∈ X. Now, we prove that z is a xed point for f . Using (2.5) with x = xn and y = z, we obtain
On taking lim inf as n → +∞ on both sides of (2.6), by (2.4) we get
This implies that d(z, fz) = , that is, z = fz. Hence z is a xed point of f . Thus (i) and (ii) hold. If w ∈ X, with z ≠ w, is another xed point of f , then using (2.5) with x = z and y = w, we get
and hence s ≤ 
